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Abstract— This paper studies the stability problem of a
network fluid model with transmission and queuing delays
in the forward and backward channels. We present a novel
small gain approach to prove global asymptotic stability for
a network with arbitrary time delays and network routing
matrix. Specifically, we use a logarithmic state transformation
suggested recently in the literature, and establish a linear
input-to-state gain for this transformed system. With the new
state variables, the gain of the routing matrix is unity and,
thus, the stability condition is scalable and independent of
routing. Unlike the previously reported results that employ
the logarithmic transformation, we give a simple small-
gain interpretation for the delay robustness of the networks.
We demonstrate that this small-gain technique is generally
applicable for the design of a new class of edge-based active
queue management (AQM) algorithms where zero steady
queuing delay is achieved. We also show that it can be
generalized to the study of other networks, such as the uplink
power control problem in CDMA systems.
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I. INTRODUCTION

In this paper, we consider a general topology network
consisting of an arbitrary number of sources and links,
which are interconnected through the forward routing
matrix Ry and backward routing matrix [?; as shown in
Figure 1 and studied in Kelly [1], Low and Lapsley [2],
and Kunniyur and Srikant [3].
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Fig. 1. Network Flow Control Model

Packets from source ¢ (with sending rate x;) are routed
through the links with the aggregate link rate y = Ryx.
We assume that each link [/ has a fixed capacity ¢;, and
based on its congestion and queue size, a link price p; is
generated:
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The link price information p; is then fed back to source
with the aggregate source price, ¢ = Rpr. If there are no
transmission and queuing delays, we have Ry = R, =: R
due to the fact that the links only feed back the price
information to the sources that utilize them [1]. In the
presence of delays, we have,
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where L (1) denotes the set of sources which traverse link
{ and T (%) is set of links which source 4 traverses. The
quantity Tlfllc represents the forward delay from the source ¢
to link / while the quantity Tl-bl corresponds to the backward
delay from link [ to source i. Hence R (respectively, Ry)
can be obtained from R by multiplying e (or e‘ﬂbls)
with the ¢l/-th element of matrix R. Source 7 then uses
the feedback aggregate price g; to update its sending rate
x;. In this paper, we first consider the following TCP-like
congestion control algorithm, which is a generalization of
the one proposed in [4]
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Let T; = Tiiz + Tl-bl denote the round trip delay for
source 7 and (-)" denote the projection which forces z; to
stay within its physically allowable range [0, 2; max]. Kelly
showed that (1)-(4) is a specific distributed solution for a
static optimization problem, where the goal is to maximize
a network utilization function while complying with the
capacity constraints in the links Rx < c.

Our main interest in this formulation is that it encom-
passes a broad class of transportation control protocols in
the Internet, and can be extended to other applications,
such as the power control problems in CDMA networks
[5]. A common feature in these applications is that, feed-
back signals are generated at remote locations, and trans-
mitted to the actuators via communication channels [5].
Transmission and queuing delays can thus be significant,
and threaten the stability properties predicted by the delay-
free models.



The rest of the paper is organized as follows. In Part
One, we present a novel small gain approach to prove that
systems (1)-(4) remain globally asymptotically stable for
arbitrary time delays and network routing matrix when a
specific class of price functions are chosen for (1). The
main idea is that we use a logarithmic state transformation
suggested recently in [6], and then establish a linear input-
to-state gain [7] for the transformed system. With the
new state variables, the gain of the routing matrix can be
shown to be unity. Hence, the stability condition is scalable
and independent of routing matrix. Unlike the previously
reported results that employ the logarithmic transformation
[6], we give a simple small-gain interpretation for the delay
robustness of networks.

In Part Two of the paper, we employ the small-gain
technique to design a new class of edge-based AQM
algorithms to achieve zero steady-state queue-length and
hence zero queuing delay in the network. As in the adaptive
virtual queue (AVQ) [8] designs, we regulate the aggregate
rate y; of each link ! to render it slightly less than the
link capacity ¢;. The difference of our design however is
that, instead of implementing queue management at every
router, we only require AQM be implemented at the edge
router, thus avoiding costly upgrade of the core network.
Specifically, in our design we regard every edge-to-edge
flow path as a virtual link with virtual demand which leads
to a path congestion signal. We let the edge router detect
this congestion signal and send a corresponding price back
to source. We prove that, with this extra feedback, this
edge-based AQM is globally asymptotically stable with
zero steady-state queuing delay. In the analysis, we employ
a logarithmic state transformation generalized from [6],
and show that the extra feedback satisfies an input-to-state
stability (ISS) gain with respect to transformed states of the
nominal system [7]. We then proceed to derive conditions
under which the same addition satisfies a complementary
ISS gain with respect to the price fed back to the source.

We conclude the paper with the extension of this small-
gain technique to the delay robustness of a gradient al-
gorithm proposed in [9], [10] for CDMA uplink power
control. Compared with the earlier study employing a
passivity framework for this problem in [11], the results
in this paper are delay-independent and do not rely on the
channel gains.

1) Notation and Definitions: a) We denote by ||-[|,
the p-norm of vectors and induced p-norm of matrices.
Whenever the choice of p is unimportant, we drop the
subscript. We further assume ||| 1, is the Ly-norm of
z(t) =[xz (), -,z (1), ,LCN(t)]T
[0,00), p € (0,00). When p = oo,

on the interval

|z (), =sup |z ()], =supmax|z; (¢)[. (S)
t>0 t>0 <N

For z € L, we define [|z||, = tlim sup ||z (¢)].
— 00

b) A function v (-) : R>¢ — Rxq is defined to be
class-K if it is continuous, zero at zero, and strictly

increasing. It is said to be class-K if it is class-Kand
grows unbounded.

c) A system & = f (z,u) is said to be input-to-state
stable (ISS) if there exist class-K o, functions v (-) and
v (-) such that, for any inputs u (-) € L7 and =9 € R,
the response x (t) from the initial state z (0) = x¢ satisfies

[l < max {0 (lzoll), ¥ (lullz )}

The function ~ (+) is referred to as the ISS gain.

d) Let C ([-r,0],R™) be the Banach space of contin-
uous functions mapping the interval [—r, 0] into R", with
the topology of uniform convergence. For the time-delay
system

&= f(xt) (6)

where x; == z(t+6), —r < 6 < 0, with the initial
condition

z(t)=v(t), te

the equilibrium = = 0 is said to be globally asymptotically
stable if for any € > 0, there exists a d (¢) such that
], < ¢ implies [|z[, < e, and for all ¢ €
C([-r,0],R™), z(t) — 0 as t — co.
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II. MAIN RESULT

In this section, we present our main result (Theorem 1)
and, in the next section, we illustrate how the result can be
used to design a new class of edge-based AQM algorithms.
We specify the price function as

B
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which implies the probability that an M/M/1 queue with an
arrival rate y; and capacity ¢; is of length ( or greater [4].
Other price functions will be discussed in the next section.

Theorem 1: Consider the delay feedback system (1)-(4)
with the price function (8) and suppose

gi (u,v) > A Vu,v >0 andVi=1,--- /N (9)

for some A > 0. If

B<a (10)

then the network is globally asymptotically stable for
arbitrary delays Tijz and Tl-bl.

Proof: Let
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where z} > 0 is the equilibrium of source sending rates
x; and so are ¢, p; and y;. Without loss of generality, we
shift the equilibrium z; = x} to ] = 0. Thus, the system
(1)-(4), with the new states variables, becomes
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Due to space limitations, we have dropped the projection
(-)Jr on the right hand side of (4) and omit the discussion
on the discontinuity issues due to the projection. However,
the result still holds when this discontinuity is taken into
consideration. We prove the result in three steps: In Step
1, we show that there exists a linear ISS gain from ¢ =
[ @1 G2 QN]TtOCEZ[Ch To In |
In Step 2, we prove the existence of a complementary ISS-
gain from Z to q. In Step 3, we combine the results of Steps
1 and 2, and prove the stability of the system by employing
the ISS Small-Gain Theorem [12], [13].

Step 1: For the subsystem (13), we choose V; (Z;) =
%@f as the ISS Lyapunov function [7], and get its derivative
as

V= 5, = 2 (zi (1) ﬁz (t— T;))i,i (1 _ e@-(t)ﬂ@(t)) '
i ()
(14)
Since for any 0 < A < 1, when |§;| < (1 — X) | %],
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we claim from [7] and [12] that
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where 7 (-, -) is a class-K L function. Therefore, the L, —
and asymptotic norm of Z; are bounded in the ISS sense:
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Recalling the definition of L., norm of the vector x (t)
in (5), we also obtain the ISS bound of the vector Z as

2 (), <max {|Z (), llgll,_}, (A9
Iz, <nldl,, (20)
where
1
7= m- (21)

Step 2: We prove the complementary ISS-gain from z
to ¢ is 3 by showing the ISS-gains from Z to ¢, from g to
p, and from p to ¢ one by one, since the price feedback ¢
can be regarded as the output of the above three cascaded
subsystems. Among these three gains, the gain from ¢ to
p is straightforward from (12) and equal to 8. To find the

ISS gain from Z to y;, we substitute (2) and y; = > z
ieL(l)
into ¢; = In g—i, and get
Y
2 i (f - TZ;)
_ i i€L(l)
ji=In =1 - (22)
Y ) Z Ly

Since

> T
lnleg—”* < lnmax{ max {ﬂ} , 1}
Ti ieL(l) L%

i€L(1)

= max { max 1n{””—};}
ieL(l) Ti

“O
—
Il
=
Q
"
,:/H

m
s
=X
5_22
“O
~—

and

P
In <Y > Inmin<{ min {z—i},l
> ieL( Lo

i€ L(l)

> min{ min ln{m—i} ,0} = min{ min 561»,0}
ieL(l) T i€L(l)
(24)
% is bounded:

K2

i€ L(l)

< max< | max T;|,| min ;
ieL(l) ieL(l)

= max |%;| < max |Z,]

ieL(l) i<N

the absolute value of In

>
i€ L(1)

ieL@)

} (25)

Thus the Lo.- and asymptotic norms of y; are
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where 7 = max {7’5} and ¢ is the initial condition
i<N,I<L

of Z (t) as defined in (7). Recalling the definition of the
vector’s L.-norm in (5), we obtain

1ol < N2lo, + el Nl <lzll, 28

and claim that the ISS-gains from z to y is unit. Similarly,
the ISS-gains from p to ¢ is unit and

Il <Mple, +llallp, s ldlla <ol 29

where )5 is the initial condition of $ (¢). Combining the
linear gain [ from g to p in (12), we show that the
complementary ISS-gain from Z to § is (, and specifically,

lall,, < Bl + vl + 2l
lall, < Bzl

Step 3: Combining the ISS gain ~; from ¢ (¢) to Z (t) (as
shown in (21)), and the complementary ISS gain 2 = 3
from Z (t) to ¢ (t), we claim that when condition (10) is
satisfied, that is when

(30)

1
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for some constant 0 < A < 1, the signals Z (¢) and G (t)are
L, and specifically

12Ol < w(lz O+l + 2l
12l =0,

(32)
(33)



for some class - x function g (-). The claim follows from
the same arguments as in the ISS Small-Gain Theorem
[12], [13]. Because both ¢, and 2 depend on z (t) in
the interval [—7,0], we can render ||[¢1]|;  and [[¢b2]|;__
as small as desired by choosing ¢ (¢), the initial condition
of z (t) in (7), sufficiently small. This stability argument,
combined with the convergence property (33), proves
global asymptotic stability for z = x*.

III. A NEW CLASS OF EDGE-BASED AQM
ALGORITHMS

In this section, we apply the small-gain analysis in the
previous section to a new edge-based AQM design. We
consider a broader network scenario where the general
utility function U; (x;) and the pricing function h; (y;) are
employed in the source and the link controllers [1]:

iy = ki (U] (2i) — qi)

The objective is to keep the steady-state queue-length at
each router equal to zero besides the optimization in [1].
To achieve this goal, the aggregate rate y; at each link [
has to be regulated slightly less than the link capacity c;,
as in the adaptive virtual queue [8]. However, instead of
paying to manage the queue at every router, we aim to
realize AQM at the edge of the network, thus providing a
cheaper and more robust alternative.

In this edge-based AQM, we assume that edge router
is able to acquire the notional minimum path capacity C
and the corresponding path demand D; for path I, which
is the series of bottlenecks between the ingress and egress
router. Here we manage the flows in the same edge-to-edge
path [ since all these flows contribute a virtual demand to
this virtual link which will build up a virtual queue leading
to a notional congestion signal. Here, the minimum path
capacity Cy is defined as C; = lénTi(I}) {c1}, where T (I)

= hi(y1) (34)

is the set of links which path I traverses, while the path

demand Dy is artificially defined as the difference between

path capacity and available bandwidth lmi(n) {e1 —y1} on
eT(I

the path I:

Dr = min {¢}— min {¢ —y} (35)

LeT(I) 1eT(I)
For real networks, the information on C; and Dy
requires robust and short-time-scale estimation (e.g. [14]).
However, we want to emphasize that we do not restrict
our attention to any specific active measurements in this
paper but propose a general design framework, which may
leverage future advances in the detection area. In this
scenario, if the target demand D7 equals to the virtual path
capacity, which we defined as vC'; with 0 < v < 1 being
the desired utilization for the network, then the steady-state
queue-length for path I will be zero. This is because

D3} = ¥ < min -yt =(1- ~) min
I Cr lETl(I) {Cl Y } ( ) lETl(I) {Cl} )

that is, the real demand at any link in that particular path
is less than its capacity y; < ¢;, VI € T'(I). The merit
is then that, the steady-state queue-length will be zero and
there will be no queuing delay.

Under Kelly’s optimization framework, (36) can be
thought of as introducing the extra constraint

i -y > (1 - i 37
i {a =yt > (1=9) min {a} 67
to the static network utility optimization problem. Analo-
gous to Kelly’s primal design, we shall see that to fulfill
this constraint, an extra price (implemented by dropping
or marking) needs to be fed back to the source from edge

router

vr = he (D1,7Cr) (38)

which, similar to h; (y;) in (34), is a barrier function
forcing D to approach vC7. In the following design, we
simply choose

he (D1,7Cr) = =X (D1 —7Cr) (39)
with a sufficiently large A > 0 and illustrate the global
asymptotic stability of this design.
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For the purpose of illustration, in the following analysis,
we assume that different users traverse in different paths
and thus ignore the difference between notations ¢ and I,
although the same derivation can be easily extended to the
general case where multiple users share the same path I.
We first denote g as the overall price from the network and
represent it as the product of an extended routing matrix
R, and price p., where R, and p. are defined as follows:

g=R"p+v=[ R" Iyun ] [I; } =Rlp. (40)
~————
:=RT
=pe
v models the extra regulation from edge router as defined
in (38) and (39). To prove stability, we employ a similar



but the more general logarithm transformation:

S xi+A &~ 2i+A _ pit+A
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where A > 0 is sufficiently large such that v; + A and
vy 4+ A are positive for Vi. In the proof of Theorem 1,
A is zero since the state variables x;, ¢;, p; and y; in
(41) are all positive. Applying this general logarithmic
state transformation (41), we next employ the Small Gain
Theorem to show the global asymptotic stability of (34),
(40). The ISS gains from g; to z; and from y; to p; of
the source and the link controllers (34) have already been
proved to be o and [ respectively in one of our earlier
papers [15], where a > 0 and 3 > 0 such that

1
U (x:) < ==, Vi, and hi(y) <B, VI (42)

We first claim that the ISS gains of the transformed system
from ¢; to Z; and from ¢; to p; equals « and [3 respectively
by employing the following proposition.

Proposition 1: Suppose two bounded signals z (¢) and
u (t) satisfy

lz —z*|, <allu—u, (43)
then + A + A
X u
1 <allln —/2 44
‘“w*+Aa‘o‘Hnu*+Aa @

for sufficiently large A > 0.

Next, we argue that the extra price v in (39) from edge
router, driven by (Dj, yCy), implies a unit ISS gain from &
to ©. One can show this by following similar arguments as
in the proof of Theorem 1. It is important to note that this
gain from Z to v is independent of y because -y is cancelled
as in the logarithm transformation (11). Combining the ISS
gain property of original price feedback p from network,
i.e., the gain § from Z to p, we claim that the ISS gain
from Z to p. is 42 = max {1, 3}. It further implies that
the gain from Z to ¢ is 72 because of the unit gain from p,
to ¢ from in (40). We then use the ISS small gain theorem
to conclude the following result:

Theorem 2: Consider the source and the link controllers
(34) with the edge-based AQM (40). The network is
globally asymptotically stable if (42) is satisfied and

afe = amax{l,0} <1 (45)

Note that Theorem 2 does not consider the transmission
and queuing delays in the Theorem 1. However, as in
the proof of Theorem 1, the conclusion still holds in the
time-delayed model due to the fact that the delays do
not introduce any extra gain to the system (time-delays
have an amplitude of 1). That is, the ISS gain from z,
to x is equal to 1, so is the gain from ¢, to ¢. Thus, the
global asymptotic stability holds for an arbitrary number
of flows and any amount of time delays. We also note
that through regulating D; at the edge router, we decouple
the task of managing bottleneck queues and the placement
of this management function. In other words, with this

new design, we do not require any AQM components to
be present at every bottleneck and essentially move this
important function to network edges.

IV. APPLICATION TO CDMA POWER CONTROL

Recently, CDMA power control has been studied as
a noncooperative game-theoretic optimization problem in
[9], [10], where each user tries to maximize

max J; = Ui (i (p)) = Pi (pi) (46)
in which
Lh;p; )
() = =1 M (4T
i (p) S Topr 102 (47

ki

is the signal-to-interference ratio (SIR), L is the spreading
gain, h; is the channel gain between the i** mobile and
the base station, and o2 is the noise variance containing
the contribution of the secondary background interference.
In this formulation,

Ui (vi) = uilog (v + L), (48)

is the utility function for the i*" user, which corresponds
to the demand for bandwidth, and P; (p;) corresponds to
the cost of power. As shown in [9], [10], when P; (p;)
is twice continuously differentiable, non-decreasing, and
strictly convex, (46) has a unique Nash equilibrium, and
the network converges to this equilibrium if the mobiles
implement the gradient update law

s _\.0Jy _ dU; Lih; . dPi(pi)
Pi=—Ai Opi ~ dyi ), hppr+o? Ai dp;
k7 (49)
i > 0.

_ . 4Pi(pi) wiNihg
= NI

Di hrpr+o2?

To show that the system (49) indeed conforms to the
structure (34), we let M be the number of the mobiles,

R=:[h ha - hu]" (50)
1
QZISD(Z/)Z—N (51)
y=:h"p (52)
w=:—h-q (53)

and represent (49) as in (34), where the feedforward block
is

dP; (p;)
dp;

In this representation, the forward block corresponds to
the mobiles and the feedback block corresponds to the base
station. Using the same equilibrium shift as in (11) and
with the help of Theorem 1, we obtain the following result:

Theorem 3: Consider the feedback interconnection
(50)-(54), and suppose that P; (p;) is

1—-m
p;
Py (pi) = T

pi = _)\i + ui)\iwia 1= 1u o 7M' (54)

m>0, Yi=1,---,N (55)



Then, the equilibrium p = p* is globally asymptotically
stable for arbitrary delays if m > 1.
This theorem follows because, ¢ () implies

1 1
n —In <lmLl, 6
Yy + 0-2 y* + 0.2 y*

which means the ISS gain from y to ¢ for the price
generation subsystem is equal to 1. Thus, the small gain
condition is satisfied when m > 1.

V. CONCLUSIONS

We have studied the stability problem of a general
network with both transmission and queuing delays and
arbitrary routing matrices. In particular, we have presented
a novel small gain approach to show the global asymptotic
stability of such a network. More specifically, we have
utilized the logarithmic state transformation recently pro-
posed in literature and proved that the stability condition
is scalable and independent of the routing matrices based
on the new state variables. Unlike the previously reported
results that employ the logarithmic transformation, we
have given a simple small-gain interpretation for the delay
robustness of the network. We have also illustrated the
general applicability of the analysis by extending the study
to the AQM problem in the Internet and the power control
problem in CDMA systems.
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